Our previous paper ͓J. Chem. Phys. 127, 224104 ͑2007͔͒ revealed that the Schrödinger equation in the fixed-nucleus approximation could be very accurately solved for helium atom and its isoelectronic ions ͑Z =1-10͒ with the free iterative-complement-interaction ͑ICI͒ method combined with the variation principle. In this report, the quantum effect of nuclear motion has further been variationally considered by the free ICI formalism for the Hamiltonian including mass-polarization operator. We obtained −2.903 304 557 729 580 294 733 816 943 892 697 752 659 273 965 a.u. for helium atom, which is over 40 digits in accuracy, similarly to the previous result for the fixed-nucleus level. Similar accuracy was also obtained for the helium isoelectronic ions. The present results may be regarded to be the nonrelativistic limits. We have further analyzed the physics of the free ICI wave function by applying it to an imaginary atom called "eneon," ͓e − e 10+ e − ͔ 8+ , in which both of the quantum effect of nuclear motion and the three-particle collisions are differently important from the helium and its isoelectronic ions. This revealed the accurate physics automatically generated by the free ICI formalism.
I. INTRODUCTION
Schrödinger equation ͑SE͒ provides a governing principle for atomic and molecular quantum physics and chemistry, but it has long been thought not to be soluble except for some simple systems such as hydrogen atom. Two-electron helium atom is the next simplest atom and from Hylleraas' pioneering work in 1929, 1 many studies 2-10 have been devoted to solve its SE as accurately as possible. There the basic principle, was the variation principle and the wave function was constructed mostly with the intuitions. Recently, we have proposed the free iterative-complementinteraction ͑ICI͒ method, [11] [12] [13] [14] [15] [16] [17] [18] which gives a series of analytical functions that describe the exact wave function at convergence. The variable parameters there were determined either by the variation principle or by the local SE ͑LSE͒ method. 18 We have applied the free ICI method to helium and obtained very accurate result: The energy was correct over 40 digits. 11 It was practically exact and numerically proven that one could obtain the solutions of the SE with the free ICI method as accurately as one desires.
For the real helium atom, however, there are still many other physical effects that are not contained in the SE we solved previously. The first correction would be the quantum effect of nuclear motion: 19 The previous solution was in the fixed-nucleus ͑Born-Oppenheimer͒ approximation. The purpose of the present paper is to consider further the quantum effect of nuclear motion, i.e., to perform the calculations at moving-nucleus level. Then, the result may be considered to be the nonrelativistic limit. The next correction would be to include the relativistic effects and we have actually already solved the Dirac-Coulomb equation ͑DCE͒ of the helium atom by the free ICI formalism in the fixed-nucleus approximation. 17 The further corrections would then be the combined relativistic and moving-nucleus level and further to introduced the QED effect. [20] [21] [22] These studies are important for the precise physics to determine the fundamental physical constants. They are also useful in some model studies of photonic crystals, quantum dots, etc. 23, 24 For accurately calculating these higher-order corrections by the perturbation method, one needs highly accurate zeroth order wave functions of the nonrelativistic limit.
In this paper, we perform highly accurate nonrelativistic free ICI calculations for the ground states of helium atom and its isoelectronic ions at moving-nucleus level. We perform fully variational calculations for the Hamiltonian including the so-called mass-polarization term. Although this term is often perturbatively treated, the higher order terms become significant for the calculations of the QED corrections. 25 The calculations for the excited states will be given in the forthcoming paper.
where i and A denote electrons and nuclei, respectively, m e and m A are their masses, and Z e and Z A are their charges, respectively. We call this level of Hamiltonian as movingnuclei level or non-BO level in contrast to the fixed-nuclei or BO approximation. Eliminating the motion of the center of mass, the Hamiltonians for helium and its isoelectronic ions are expressed in atomic unit as
where is the effective mass defined by = m e m N / ͑m e + m N ͒ in which m e is equal to unity in atomic unit and m N is the nuclear mass. The last term represents the so-called mass-polarization operator: The nucleus with finite mass has finite momentum together with the electrons and the center of mass polarizes from the position of the nucleus. However, this term is miner in the total Hamiltonian because it is multiplied by a very small factor 1 / m N compared with 1 / m e . In the fixed-nucleus approximation ͑m N = ϱ͒, this term is neglected and the effective mass becomes unity.
Since we are dealing with the ground state of S symmetry, our wave functions are expressed only with the interparticle coordinate ͕r 1 , r 2 , r 12 ͖ ͑Ref. 11͒ or the ͕s , t , u͖ coordinate 1, 11 given by s = r 1 + r 2 , t = r 1 − r 2 , u = r 12 . ͑3͒
The Hamiltonians of many-electron atoms in the fixednucleus level were formulated extensively by Ruiz 27 and the Hamiltonians for general three-body problems in the moving-nuclei level were explicitly written down by Harris. 28 The above electron-nuclear Hamiltonian can be rewritten in the ͕s , t , u͖ coordinate as
͑4͒
where the last term is the mass-polarization operator.
The ICI wave function is defined by a recursion formula and first we have to fix the g function and the initial function 0 . 13, 14 Here, we used the functions that showed the best performance in the previous calculations of helium and its isoelectronic ions, 11 namely,
in which V Ne and V ee are the nuclear attraction and electron repulsion potentials, respectively. In the free ICI calculations, the recurrence number is redefined as "order" n and the number of the independent functions at order n is called as "dimension" M n . The free ICI wave functions generated with the use of the g and 0 given by Eqs. ͑5͒ and ͑6͒ are expressed as
where l i and l k run positive and negative integers including 0, ͕m i , n i ͖ and ͕m k , n k ͖ run non-negative integers ͑m i and m k are even integers for singlet and odd integers for triplet͒, d k runs positive integers, and j i and j k are either 0 or 1. The conditions l i + m i + n i ജ 0 and l k + m k + n k − d k ജ 0 must be satisfied for the square integrability of the wave function. The ranges of these integers included in Eq. ͑7͒ are the functions of the order n of the free ICI calculations. Table I shows their specific relations which apply to any orders n except for unity 
Eq. ͑8͒ ͑Simplified free ICI wave function͒
In case n i = n, m i = 0 and j i =0.
At n = 1, the function in the index representation ͓l i , m i , n i , j i ͔ = ͓−2,2,0,1͔ was eliminated.
for which the relations are summarized in the footnotes. The ranges of these indices are characterized by the special choices of the g and 0 functions used in the free ICI calculations. They are usually different from the ordering of the basis functions used in the ordinary variational calculations. The variables ͕c i , c k ͖ in the free ICI wave function given by Eq. ͑7͒ are calculated here with the variation principle.
The second term of Eq. ͑7͒ was newly generated in the present free ICI formalism by applying the mass-polarization operator ٌ 1 · ٌ 2 to the logarithm function that is important in the three-particle collision area, 11 and so this second term represents the multiple effect of mass-polarization and threeparticle collision. We expect such multiple effect to be small for the present helium and its isoelectronic atoms. However, if one can imagine the system in which the quantum effect of nuclear motion is significant, i.e., with light nuclear mass, and the three-particle coalescence region is important, i.e., with large nuclear charge, then the second term of Eq. ͑7͒ would become important. As such system, we will examine the imaginary three-body system with m N = m e = 1 and Z = 10: We call this system as "eneon" ͑electron weight neon͒
. The exotic atom with m N = m e = 1 and Z =1 is positronium negative ion ͑Ps − ͒. However, since the mass-polarization term is small in the Hamiltonian of helium and its isoelectronic ions, we may neglect the mass-polarization term in the functional generation step of the free ICI formalism, and we obtain the wave function
which is of the same functional form as that extensively used in our previous study of helium and its isoelectronic ions.
11 Table I also shows the specific ranges of the integers included in Eq. ͑8͒ as the function of the order n of the free ICI calculations. ͑For n = 1, see footnote.͒ The variables ͕c i ͖ in the free ICI wave function given by Eq. ͑8͒ were variationally calculated using the Hamiltonian given by Eq. ͑4͒ that includes the mass-polarization term. We call this function as simplified free ICI wave function. Before entering into calculations, we must fix the nuclear mass data from the available experimental database. Table II summarizes the results in atomic unit ͑a.u.͒. For the mass of helium nucleus, we used the alpha particle mass given by CODATA 2006 in NIST. 29 For H − , we used the proton mass also given by CODATA 2006. For each isoelectronic ions of Z ജ 3, we first selected the isotope having the highest natural probability and searched the atomic mass from NIST, which was provided in the atomic mass unit ͑amu͒ based on the mass of the carbon nucleus 12 C as 12. The electron mass have to be excluded from the atomic mass, where we used 0.000 548 579 909 43 amu as the mass of one electron, also given by CODATA. Then, they were converted from amu to a.u., in which we used the proton mass as a standard.
III. RESULTS

A. Convergence of the free ICI calculations of helium
We first examine the convergence behavior of the moving-nucleus free ICI calculations of helium atom. We first use the simplified wave function given by Eq. ͑8͒. Table  III shows a nice convergence of the calculated energy up to the order n = 27. There, we used the same values of the optimal ␣ that were given in our previous paper of Ref. 11 . Actually, we also optimized this nonlinear parameter in the present moving-nucleus case but we got almost the same ␣ values as those of the fixed-nucleus case. 11 The most accurate energy we obtained was −2.903 304 557 729 580 294 733 816 943 892 697 752 659 273 965 a.u. at n =27 with the dimension M n = 22 709. In spite of the presence of the mass-polarization term in the Hamiltonian, the accuracy was over 40 digits similarly to the previous fixed-nucleus case. 11 Although the results cannot be directly compared to the previous reference data because of the difference in the nuclear mass data, Cox et al. 19 : It was lower and so variationally better than theirs even with the quite smaller dimension than theirs, 1200. 21 Compared to the energy obtained with the present nuclear mass data ͑m N = 7294.299 536 5͒, the difference appeared at 10 −12 . Thus, the free ICI calculations showed very good convergence to the exact solution of the SE also for the movingnucleus case. However, regrettably, the numerical accuracy is limited by the experimental precision of the nuclear mass data of helium atom, which is "only" 11 decimal figures. In contrast, as described above, the theory has already achieved 40 digits of accuracy. 
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Next, we examine the difference between the wave functions given by Eqs. ͑7͒ and ͑8͒. The better wave function of Eq. ͑7͒ gave at order n = 8, for example, the energy of −2.903 304 557 729 580 24 6994 a.u. with M n = 1782 with the optimal value of ␣ = 1.681, while the simplified function given by Eq. ͑8͒ gave the energy −2.903 304 557 729 580 29 664 a.u. with M n = 802, as shown in Table III . At the same order n, these two functions gave almost the same energies, although the numbers of the independent functions are very small in the latter case. Exactly, the same trend continues up to a large order n, which numerically indicates that the simplified function of Eq. ͑8͒ is sufficient at least for helium atom.
B. Multiple effects of nuclear motion and three-particle collisions: Eneon
As stated in the previous section, the second terms of Eq. ͑7͒ arose from the free ICI formulation by the application of the mass-polarization operator to the logarithmic form of the wave function. This means that this second terms represent the multiple effects of the nuclear motion and the threeparticle collision. This effect was shown above to be small for the helium atom. Here, we examine how large is this effect for the imaginary "atom," eneon ͓e − e 10+ e − ͔ 8+ , introduced in the previous section.
For eneon, the elaborated wave function given by Eq. ͑7͒ gave the energy of −49.227 218 040 961 842 410 436 a.u. at order n = 8 with M n = 1782 and the optimal value of ␣ = 5.139, while the simpler function given by Eq. ͑8͒ gave the substantially higher energy of −49.227 218 040 961 602 822 840 a.u. at order n = 8 with M n = 802 and the optimal value of ␣ = 5.314. This result may be compared to the more accurate energy of −49.227 218 040 961 842 410 731 a.u. that we obtained at the order n =10 ͑M n = 3267͒ with the former wave function given by Eq. ͑7͒. In contrast to the helium case, the latter simpler wave function of eneon showed the worse convergence to the exact energy: It gave the energy of −49.227 218 040 961 842 409 423 a.u. at the order n =11 with M n = 1861 and optimal ␣ = 4.976, which was still higher than the energy at n =8 ͑M n = 1782͒ with the former elaborate function in spite of the larger number of independent functions. This indicates, as expected, that the elaborate wave The bold digits are those that are believed to be converged. e The nuclear mass data is different from in our calculations.
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function given by Eq. ͑7͒ becomes essential for the system, such as eneon, that has a light nuclear mass and a large nuclear charge.
C. Helium isoelectronic ions
We applied the same free ICI scheme to the calculations of the moving-nucleus level for helium isoelectronic ions from Z =1 ͑H − ͒ to Z =10 ͑Ne 8+ ͒ using the simplified wave function given by Eq. ͑8͒. Table IV shows the summary of the calculated energies at n =20 ͑M n = 9682͒ for all the ions except for the neutral helium atom for which the data at n =27 ͑M n = 22 709͒ were given. The energies with the fixednucleus approximation were summarized from the previous paper 11 for comparison. In the table, the upper row for each atom or ion shows the energy with the fixed-nucleus approximation ͑E FN ͒ and the lower row the energy with the movingnucleus level ͑E MN ͒. Table IV also shows the energies reported by Cox et al. 19 For all the iso-electronic ions, the present energies seem to be the best ones reported so far at the moving-nucleus level. For Z =1 ͑H − ͒, the energy obtained at n =20 ͑M n = 9682͒ seems to be slightly worse in quality than other ions because in H − two electrons are rather weakly bound so that the logarithm singularity does not improve the result so dramatically. To analyze the quantum effect of nuclear motion in some detail, we introduced the energy differences defined by
⌬E RM represents the effect of reduced mass because E FN means the energy for the Hamiltonian that does not include the mass-polarization term in comparison with Eq. ͑2͒ but includes the reduced mass effect in the kinetic operator, i.e.,
The wave function RM ͑r 1 , r 2 ͒ for the Hamiltonian of Eq. ͑12͒ is related to the wave function FM ͑r 1 , r 2 ͒ for the fixednucleus Hamiltonian, TABLE IV. Ground-state energies and the expectation values of ͗r 1 ͘ and ͗r 12 ͘ of helium atom and its isoelectronic ions ͑Z =1-10͒ at n =20 ͑M n = 9682͒ except for helium ͑Z =2͒ at n =27 ͑M n = 22 709͒. For each atom, the upper and lower values correspond to the fixed-nucleus and moving-nucleus levels, respectively. The bold digits are those that are believed to be converged. The nuclear mass data are different from those used in our calculations.
which is obtained from Eq. ͑12͒ at the limit of m N = ϱ, i.e., =1, by
Next, the term ⌬E MN-FN represents all the effects of the moving nucleus in comparison with the fixed-nucleus approximation. This is the difference of the energies given in the upper and lower rows of Table IV . Finally, the term ⌬E MP means the effects of the mass-polarization term itself in the total effect of the moving nucleus, ⌬E MN-FN . −3 a.u. The mass-polarization effect ⌬E MP also slightly increases as the nuclear mass increases and its order is 10 −5 for all the atom and ions ͑Z =1-10͒. Table V also summarizes the expectation value ͗−1 / m N ٌ 1 · ٌ 2 ͘ 1 of the mass polarization operator for the wave functions of the reduced mass Hamiltonian given by Eq. ͑12͒. When the effect of the mass polarization is calculated by the perturbation theory, this is the first order term. Since ⌬E MP in Table V is the variational result, the difference between ⌬E MP and ͗−1 / m N ٌ 1 · ٌ 2 ͘ 1 represents the higher-order effect, which was also shown in the last column of Table V . We see that the most part of the mass polarization effect is represented by the first order term and the higher order effect is very small. For helium, ⌬E MP was 2.179 255 286 1 ϫ 10 −5 a.u. and ͗−1 / m N ٌ 1 · ٌ 2 ͘ 1 was 2.180 139 004 7 ϫ 10 −5 a.u., and the difference of them was only 8.837 187 079 2 ϫ 10 −9 a.u. For Ne 8+ , ⌬E MP was 3.338 935 709 0 ϫ 10 −5 a.u. and ͗−1 / m N ٌ 1 · ٌ 2 ͘ 1 was 3.340 320 077 0 ϫ 10 −5 a.u., and the difference was 1.384 368 004 6 ϫ 10 −8 a.u. The higher-order effect was slightly larger for Ne 8+ than for helium. Since the present free ICI wave function is quite accurate, even this order of quite small difference is able to be distinguished and discussed.
IV. CONCLUSION
In this report, we applied the free ICI method to solve the electron-nuclear SE of helium atom and its isoelectronic ions. We have obtained very accurate and essentially exact wave functions whose energies are correct over 40 digits for helium atom, about 30 digits for H − , and 35 digits for the other ions: These accuracies are similar to those previously obtained with the fixed-nucleus approximation. 11 The present accurate solutions may be considered to be the nonrelativistic limit.
The largest part of the moving-nucleus effect came from the introduction of the reduced mass and its order was within 10 −3 -10 −4 a.u.: It was larger for the heavier atom than for the light atom. The energy contribution from the mass polarization operator was in 10 −5 a.u. We compared the fully variational mass-polarization effect with the perturbative first order term calculated with the wave function for the Hamiltonian of Eq. ͑12͒ in the fixed-nucleus approximation. The first order perturbation energy was dominant within the total mass-polarization effect. The higher-order effect on the energy arose in the order of 10 −8 -10 −9 a.u. However, for the expectation values of ͗r 1 ͘ and ͗r 12 ͘, the corresponding differences were of the order of 10 −3 for H − , 10 −4 for helium, and 10 −5 for the other ions, which indicated that the wave function was not sufficiently correct if we do not include the higher-order effects. Since the free ICI wave functions obtained in this article are fully variational and essentially exact for the nonrelativistic Hamiltonian, our wave functions would become quite reasonable zeroth order wave functions when we study the relativistic and QED corrections perturbatively.
The free ICI formalism generated the elaborate wave function given by Eq. ͑7͒, but for the present cases of helium and its isoelectronic ions, the simplified wave function given TABLE V. The energy differences ⌬E RM , ⌬E MN-FN , and ⌬E MP defined by Eqs. ͑9͒-͑11͒, respectively, and the expectation value ͗−1 / m N ٌ 1 · ٌ 2 ͘ 1 of the mass-polarization operator for the wave functions of the Hamiltonian given by Eq. ͑12͒. The last column shows the difference between ͗−1 / m N ٌ 1 · ٌ 2 ͘ 1 and ⌬E MP . The data for helium are at n =27 ͑M n = 22 709͒ and the data for the isoelectronic ions ͑except for Z =2͒ are at n =20 ͑M n =9682͒. 154107-6 H. Nakashima and H. Nakatsuji J. Chem. Phys. 128, 154107 ͑2008͒
by Eq. ͑8͒ was mostly satisfactory. However, to examine the role of the second term of the elaborate wave function of Eq. ͑7͒, which appeared as a result of applying the masspolarization operator to the logarithmic three-particle collision part of the wave function, we introduced the imaginary atom, eneon, ͓e − e 10+ e − ͔ 8+ . Eneon is characterized by the fact that the quantum effect of nuclear motion should be large and the three-particle collisions are also important. As a result, the second term of the elaborate wave function of Eq. ͑7͒ became very important, indicating that the free ICI formalism certainly reflects the basic physics of the system. More details of these exotic three-body atoms including Ps − will be discussed elsewhere.
Since the present free ICI theory can be applied to any system when its Hamiltonian is clearly defined, one can theoretically describe the nature of the system to any accuracy one wants to have without any uncertainty of numerical errors. If one solves the SE and the DCE including various physical effects, one can analyze the detailed physics involved in the real nature. Further, when we have to consider other effects, such as QED, nuclear size effects, and so on, the perturbation method based on the accurate zeroth order free ICI wave function will become useful and will be considered in the near future.
